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ABSTRACT
We probe the feasibility of describing the structure of a multi-component axisymmetric
galaxy with a dynamical model based on the Jeans equations while taking into account
a third integral of motion. We demonstrate that using the third integral in the form
derived by G. Kuzmin, it is possible to calculate the stellar kinematics of a galaxy from
the Jeans equations by integrating the equations along certain characteristic curves.
In cases where the third integral of motion does not describe the system exactly, the
derived kinematics would describe the galaxy only approximately.
We apply our method to the Andromeda galaxy, for which the mass distribution
is relatively firmly known. We are able to reproduce the observed stellar kinematics
of the galaxy rather well. The calculated model suggests that the velocity dispersion
ratios σ2z/σ
2
R of M31 decrease with increasing R. Moving away from the galactic plane,
σ2z/σ
2
R remains the same. The velocity dispersions σ
2
θ and σ
2
R are roughly equal in the
galactic plane.
Key words: methods: analytical – galaxies: kinematics and dynamics – galaxies:
individual: M31.
1 INTRODUCTION
To determine the mass distribution of a galaxy, the Jeans
equations (Jeans 1915, 1922) are often used. These equations
tie the density distribution and the gravitational potential
of a stellar system to its kinematical characteristics: rotation
velocities and velocity dispersions. A recent overview about
different dynamical methods, including the ones based on
the Jeans equations, is given by Courteau et al. (2014). For
solving the Jeans equations, certain simplifying assumptions
are usually made: stationarity and a certain symmetry.
For spherically symmetric systems, good starting points
are provided in the literature, e.g. for one integral model by
Tremaine et al. (1994), for two integral models the Osipkov-
Merritt model1 (Carollo et al. 1995; Baes & van Hese 2007).
For the general mass density distribution the Jeans equa-
tions were solved e.g. by Binney & Mamon (1982). It is worth
to note that in some cases the Jeans equations can even be
solved without assuming stationarity, enabling to study the
evolution of galaxies or galaxy clusters (Falco et al. 2013).
A typical assumption made for axisymmetric systems
is that the phase density of stars is a function of two clas-
sical integrals of motion: the energy and the angular mo-
? E-mail: rain.kipper@to.ee.
1 Developed by Osipkov (1979) and Merritt (1985).
mentum. For Jeans equations this means that the veloc-
ity dispersion distribution in a meridional (R, z) plane of a
galaxy is isotropic and aligned with the cylindrical coordi-
nates2 (see e.g. Binney & Tremaine 2008). In the two Jeans
equations the unknown functions are density, rotational ve-
locity and the two velocity dispersion components (the Pois-
son equation relates the mass density and the gravitational
potential). In principle, since mass density can be derived
by deprojecting observed surface brightness distribution and
rotation velocities and line-of-sight velocity dispersions can
also be derived from observations, the mass distribution of a
galaxy can be calculated (see e.g. Cinzano & van der Marel
1994; Cappellari et al. 2006; Cappellari 2008; Williams et al.
2009; Kipper et al. 2012; Adams et al. 2014). In some special
cases, the Jeans equations can even be solved analytically
(Smet et al. 2015).
However, galaxy models based on the two integrals of
motion do not always enable a satisfactory fit to the ob-
served kinematics (Binney et al. 1990; van der Marel et al.
1990; Merrifield 1991; Bottema 1993). Moreover, the Hippar-
cos satellite (ESA 1997; van Leeuwen 2007) observations of
stellar velocities indicate that in the Solar neighbourhood,
2 We designate the cylindrical coordinates in the usual form
(R, θ, z) with z as the symmetry axis.
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the calculated velocity dispersions along the three coordi-
nate axes are not equal (Dehnen & Binney 1998). A similar
conclusion was reached by Smith et al. (2012) on the basis
of the Stripe 82 data from the Sloan Digital Sky Survey.
Away from the Milky Way plane the observed velocity dis-
persion ellipsoid is tilted towards the plane (Siebert et al.
2008; Binney et al. 2014; Bu¨denbender et al. 2015). These
observational facts can be explained by assuming that the
phase density depends also on an additional, third integral
of motion.
Besides, an elegant and powerful method for deriving
mass distributions of galaxies has been developed by us-
ing the Schwarzschild orbit-superposition method (Cretton
et al. 1999; Gebhardt et al. 2003; Copin et al. 2004; Val-
luri et al. 2004; Krajnovic´ et al. 2005; Cappellari et al. 2006,
2007; Thomas et al. 2004, 2007; van de Ven et al. 2008). This
method is independent from solving the Jeans equations. It
is clear from these models (see also Ollongren (1962) for
much earlier orbit calculations) that the third integral of
motion has to be an essential part of the model construc-
tion.
If the third integral is taken into account, two additional
unknown functions will appear in the Jeans equations, the
third component of the velocity dispersions and the tilt angle
of the velocity dispersion ellipsoid (see Section 2.1). Hence,
assumptions about the specific form of the third integral
have to be made to solve the Jeans equations. For exam-
ple, it is known that an analytical third integral form exists
for the Sta¨ckel potential (see e.g. Binney & Tremaine 2008).
This was used by Batsleer & Dejonghe (1994) and Famaey
& Dejonghe (2003) who constructed a Galaxy model as a
sum of such potentials. A new, axisymmetric isochrone po-
tential family with three integrals of motion was recently
developed by Binney (2014) and kinematical characteristics
of the model were calculated. An actual galaxy can be mod-
elled as a sum of these models.
But even the usage of specific forms of the potential and
the integral does not guarantee a satisfactory agreement be-
tween the model and the observations. For particular galax-
ies, the third integral may merely be a quasi-integral.
In the present paper we study stationary axisymmet-
ric models in the framework of the Jeans equations and a
third integral of motion. For the sake of the flexibility of the
model, we do not want to limit ourselves with a specific den-
sity distribution form. Besides, we demand the form of the
third integral to be applicable throughout the galaxy, not
just in some special cases (e.g. close to the galactic plane or
for nearly circular orbits). For these reasons we use the third
integral in the analytical form derived by Kuzmin (1953,
1956) (see Section 2.2) and develop a method to find an
approximate solution that satisfies both Jeans equations. A
galaxy is assumed to be a superposition of several compo-
nents with density distribution derived from the (observed)
surface brightness distribution. Using the Jeans equations,
we calculate the distributions of stellar rotational velocity
and velocity dispersion. The approach is similar to Tempel
& Tenjes (2006), where the third integral theory was used to
model the Sombrero galaxy. The present work is the exten-
sion of the previous work by forfeiting a relation that holds
only near to the plane of the galaxy.
Our method resembles the method recently developed
by Bienayme´ et al. (2015) and used for modelling the disc
component of the Milky Way embedded in a dark matter
halo. In the referred paper, a form for the third integral
was selected and applied along stellar orbits, determining
the best-fit integral value for each orbit. It was found that
the used integral form suited to the orbits rather well (i.e.
remained nearly constant along the orbits). In contrast, we
seek a fixed but simple form of the integral providing the
best fit to the observed kinematics for the entire galaxy.
Since the Andromeda galaxy is nearby and has been
observed countless times, it is a popular test body for galaxy
models. In recent years Geehan et al. (2006), Seigar et al.
(2008), Chemin et al. (2009), Corbelli et al. (2010), Tamm
et al. (2012) have tested a variety of kinematical modelling
techniques on it, gaining mostly consistent results, which
allows us to consider the general density distribution of M31
to be sufficiently settled. For test purposes we selected a
simple version of bulge + disc + dark matter halo model
developed in Tamm et al. (2012).
The paper is organised as follows. In Section 2 we
present the Jeans equations in a form suitable for the present
study, introduce the third integral of motion and provide a
recipe for solving the Jeans equations. In Section 3 we ap-
ply our model to the Andromeda galaxy and compare the
calculated rotation velocities and velocity dispersions with
observations. A discussion of the results and our conclusions
are given in Section 4.
2 METHOD
2.1 Jeans equations
In the most general form the Jeans equations can be written
as (see Binney & Tremaine 2008)
ρ
∂vj
∂t
+ ρvi
∂vj
∂xi
= −ρ ∂Φ
∂xj
− ∂(ρσ
2
ij)
∂xi
, (1)
where xi and vi represent Cartesian coordinates and veloc-
ities, t is time, ρ and Φ denote the mass density and the
gravitational potential, and σ2ij are the components of the
velocity dispersion tensor
σ2ij = (vi − vi)(vj − vj) = vivj − vi vj . (2)
Density ρ and gravitational potential Φ are tied through
the Poisson’s equation ∇2Φ = 4piGρ, where G is the gravi-
tational constant.
As our aim is to develop a model for a multi-component
galaxy, all the kinematic variables and densities will be con-
sidered per component, except for the gravitational poten-
tial, which contains the contribution of all the components.
We assume that mass distribution in a galaxy can be
approximated with an axially symmetric model. In this case
the two mixed components of the velocity dispersion tensor
are zero
σ2Rθ = σ
2
zθ = 0. (3)
If the phase density of a stellar system is a function
of the two classical integrals of motion, the energy and the
angular momentum integrals, the third mixed component
σ2Rz of the dispersion tensor will also be zero and the velocity
ellipsoids (the nonzero diagonal components of the tensor)
will be aligned with the three cylindrical coordinate axes.
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However, if the phase density is also a function of a third
integral of motion, in addition to the two classical ones, the
mixed dispersion tensor component σ2Rz will be nonzero. In
this case the velocity dispersion tensor takes the diagonal
form in some other coordinates. One axis of the velocity
ellipsoid would still coincide with the θ axis of the cylindrical
coordinates (the ellipsoid lies in a meridional plane of the
galaxy), but in the R-z plane, the velocity ellipsoid would
be tilted by an angle α with respect to the galactic plane or
the R axis (see Fig. 1 for illustration; do not pay attention to
the elliptical coordinate set at this point). It can be shown
that σ2Rz is related to the tilt angle α via the relation
σ2Rz = γ(σ
2
RR − σ2zz), where γ = 1
2
tan 2α. (4)
Denoting σ2z ≡ σ2zz, σ2R ≡ σ2RR, and σ2θ ≡ σ2θθ for brevity,
the shape of the velocity ellipsoid can be described by the
axial ratios of the ellipsoid
kz ≡ σ2z/σ2R, (5)
kθ ≡ σ2θ/σ2R. (6)
Assuming a stationary axisymmetric mass distribution
and using relations (3), (4) and designations (5), (6), the
Jeans equations can be written in cylindrical coordinates
∂(ρσ2R)
∂R
+
(
1− kθ
R
+
∂κ
∂z
)
ρσ2R + κ
∂(ρσ2R)
∂z
= (7)
= −ρ
(
∂Φ
∂R
− V
2
θ
R
)
,
∂(ρσ2z)
∂z
+
(
ξ
R
+
∂ξ
∂R
)
ρσ2z + ξ
∂(ρσ2z)
∂R
= −ρ∂Φ
∂z
, (8)
where
κ ≡ γ(1− kz), (9)
ξ ≡ κ/kz. (10)
In cylindrical coordinates, one of the Jeans equations turns
to identity. The Jeans equations given in the latter form are
convenient for our further calculations.
At this point, we have unknown functions ρ, Φ, σ2R,
σ2θ , σ
2
z , γ and the rotational velocity Vθ ≡ vθ each being a
function of both R and z, but only two Jeans equations and
the Poisson’s equation. This is not sufficient for solving the
system. Below we show that an expression for the shape and
the tilt angle of the velocity ellipsoid can be derived from
the theory of a third integral of motion and the resulting
system is solvable.
2.2 Third integral of motion
In the Solar neighbourhood, none of the three diagonal com-
ponents of the velocity dispersion tensor are equal (Dehnen
& Binney 1998). This indicates that at least in the Solar
neighbourhood, beside the two classical energy and angular
momentum integrals
I1 = v
2
R + v
2
θ + v
2
z − 2Φ, (11)
I2 = Rvθ, (12)
a third integral of motion has to exist. Additionally, Val-
luri et al. (2004), Cappellari et al. (2006) and Vasiliev
& Athanassoula (2015) have modelled galaxies with the
Schwarzschild orbit superposition method and showed that
in elliptical galaxies a third, nonclassical integral exists. Fur-
ther arguments supporting the existence of a third integral
were given in the introduction.
We have chosen to use the third integral of motion in
the form derived by Kuzmin (1953, 1956). The aim of these
papers was to gain the most general form for this integral.
Kuzmin started by assuming that it is a quadric function
with respect to the velocities – otherwise too many restric-
tions for the potential would appear. His approach led to
the following form for the third integral:
I3 = (Rvz − zvR)2 + z2v2θ + z20(v2z − 2Φ∗). (13)
The function Φ∗ is related to the gravitational potential via
relations
z20
∂Φ∗
∂R
= z2
∂Φ
∂R
−Rz ∂Φ
∂z
, (14)
z20
∂Φ∗
∂z
= (R2 + z20)
∂Φ
∂z
−Rz ∂Φ
∂R
. (15)
In this case the velocity dispersion tensor is in the diagonal
form in elliptical coordinates defined as
x21 =
1
2
[Ω +
√
Ω2 − 4z2z20 ], (16)
x22 =
1
2
[Ω−
√
Ω2 − 4z2z20 ], (17)
where Ω = R2 + z20 + z
2 and the parameters ±z0 correspond
to the foci of coordinates (x1, x2) (see Fig. 1). The incli-
nation angle α between the ellipsoid and the plane of the
galaxy is given as
γ =
1
2
tan 2α =
Rz
R2 + z20 − z2
(18)
i.e. is determined by the z0 value.
Now, the integrals of motion (11) – (13) can be written
as
I1 = v
2
1 + v
2
θ + v
2
2 − 2Φ, (19)
I2 = Rvθ, (20)
I3 = x
2
1v
2
1 + x
2
2v
2
2 + x1x2v
2
θ − 2z20Φ∗. (21)
Following Einasto (1970, 1972), and assuming that the veloc-
ity distribution remains ellipsoidal, the phase density must
be quadratic with respect to the velocities. Thus the phase
density must be a function of the integrals in the form of a
combination
Q = a1I1 + a2I3 + 2
b1
z0
I2 +
b2
z20
I22 , (22)
where I1, I2, I3 are the integrals of motion (19) – (21) and
a1, a2, b1 and b2 are constants. As the integrals of motions
can be multiplied by arbitrary constants, we multiply all of
them with a−11 , effectively taking a1 = 1, without loss of
generality. This yields for the velocity dispersion ratios
k∗12 =
z20 + a2x
2
2
z20 + a2x
2
1
, (23)
k∗13 =
z20 + a2x
2
2
z20 + a2z
2 + b2R2
, (24)
or the dispersion ratios in the cylindrical coordinate axes
c© 2016 RAS, MNRAS 000, 1–12
4 R. Kipper et al
l
l
R
z
− 2 − 1 0 1 2
−
2
−
1
0
1
2
z0
− z0x1
x2
α
Figure 1. Geometrical representation of elliptical coordinates
(x1 and x2) and the tilt angle α of the dispersion tensor in a
meridional plane of galaxy. The foci of coordinates are marked
with ±z0. A velocity ellipsoid is shown with the thick blue line.
The galaxy plane is parallel with R coordinates and is located at
z = 0, galaxy centre is located at the origin of coordinates.
direction
k∗z =
sin2 α+ k12 cos
2 α
cos2 α+ k12 sin
2 α
=
tan2 α+ k12
1 + k12 tan2 α
, (25)
k∗θ =
k13
cos2 α+ k12 sin
2 α
=
k13(1 + tan
2 α)
1 + k12 tan2 α
. (26)
The asterisk ∗ denotes that the corresponding expressions
are derived from the Kuzmin’s third integral of motion.
Now, instead of the four unknown functions σ2R, σ
2
θ , σ
2
z
and γ describing the velocity dispersion tensor, we have one
unknown function, e.g. σ2R, and three unknown constants
z0, a2 and b2. Note that, assuming the third integral theory,
the velocity ellipsoid is oriented along elliptical coordinates
given with foci z0 at every point of the galaxy. In general,
if z0 is a function of R and z (i.e. the tilt of the velocity
ellipsoid is not tied to fixed elliptical coordinates) instead of
being a constant, the third integral theory is only an approx-
imation and the third integral is actually a quasi-integral.
2.3 Solving the Jeans equations
One way to solve the Jeans equations in the case of triax-
ial velocity distribution was proposed by Kuzmin (1987).
Kuzmin studied the third Jeans equation in ellipsoidal coor-
dinates. By choosing a suitable form for the dispersion ratio
σ1/σ2 he derived an expression for σ1 or σ2 where integra-
tions were made along hyperbolae expressed analytically in
a simple form. The first Jeans equation can be solved in a
similar way.
Evans & Lynden-Bell (1991) solved the Jeans equations
for Sta¨ckel-type potential. In this case the dispersion ratio
σ1/σ2 has a simple form and the Jeans equations can be
represented as a system of four simple differential equations
with partial derivatives. This system can also be solved with
a method of characteristics but integration lines must be
calculated numerically.
In the present paper we use a similar method. The two
Jeans equations form a system as both equations contain
variable kz and derivatives with respect to R and z. How-
ever, by using the Kuzmin third integral form and an as-
sumption that velocity distribution remains ellipsoidal, we
may specify expressions for the velocity ellipsoid parameters
kz, kθ and α (see Eqs. (18), (25) and (26)). This allows us
to solve the Jeans equations (7) and (8) with the method of
characteristics (see Appendix A for details).
Resulting expressions for dispersions σ2R and σ
2
z are
σ2R(R, z) =
1
ρ
∞∫
R
ρ(r, z)(1− β2)∂Φ(r, z)
∂r
e
r∫
R
p(r∗,z)dr∗
dr, (27)
σ2z(R, z) =
1
ρ
∞∫
z
ρ(R, z′)
∂Φ(R, z′)
∂z′
e
z′∫
z
g(R,z∗)dz∗
dz′, (28)
where the functions p and g are denoted as
p =
1− k∗θ
R
+
∂κ∗
∂z
, (29)
g =
ξ∗
R
+
∂ξ∗
∂R
(30)
and integration goes along the characteristic curves. Again,
the asterisks (also in ξ and κ) denote that the variables are
calculated based on the Kuzmin third integral approxima-
tion. We introduce also a function β defined as
β2 =
V 2θ
v2c
= V 2θ
(
R
∂Φ
∂R
)−1
. (31)
Function β(R, z) can be constrained by observations (e.g.
using data from the Gaia mission in the near future, by
comparing the rotation of a test population of objects with
rotation velocities of the thin gas disc).
In principle, if we know the free parameters (a2, b2 and
z0), we can use either one of the Jeans equations to calculate
all the kinematical variables (see below). The overall result
must not depend on which Jeans equation to use. Unfortu-
nately, we do not know the free parameters and need a way
to constrain them. We use the before mentioned condition,
that for a correct set of free parameters, the Jeans equations
must yield concordant velocity dispersions: we calculate the
radial velocity dispersion (σ2R) from the first Jeans equation
and the vertical velocity dispersion (σ2z) from the second
one. Using the shape of the velocity ellipsoid (k∗z) that was
used in the Jeans equations, we can check whether the found
dispersions are consistent
σ2R = σ
2
z/k
∗
z . (32)
This equation (or an equivalent equation kz = k
∗
z) turns into
identity only if the Jeans equations and the third integral
of motion are simultaneously satisfied. This gives a way to
find the free parameters in the model. It is implemented by
constructing a cost function
χ2 =
∞∫
0
∞∫
0
[
σR(R, z)− σz(R, z)/
√
k∗z
]2
dRdz (33)
and minimising it. Alternatively, more elaborate matching
techniques can be used. If χ2 = 0, then the solution is exact,
otherwise it is only an approximation.
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Stellar kinematics of M31 5
We would like to stress that the Kuzmin third integral
form is not the only possible one and it does not have to be
necessarily exact for a galaxy with complicated overall den-
sity distribution. Thus it is possible that the Jeans equations
and the third integral of motion will not match perfectly3.
For practical exercises, one can still use the method, but
must bear in mind that to some extent, the results would
slightly depend on whether one calculates kinematics based
on σ2R or σ
2
z (see Fig. 5).
Once the value for either σ2R or σ
2
z has been found, the
other components can be calculated using the third integral
approximation. The formulae for other components of σ2R
based kinematics are σ2z = k
∗
zσ
2
R, σ
2
θ = k
∗
θσ
2
R and in the
case of σ2z based kinematics σ
2
R = σ
2
z/k
∗
z , σ
2
θ = σ
2
zk
∗
θ/k
∗
z .
The tilt of the ellipsoid comes from Eq. (18). The non-tilted
velocity ellipsoid parameters can be found with the following
equations:
σ21 =
σ2z sin
2 α− σ2R cos2 α
sin2 α− cos2 α , (34)
σ22 =
σ2R sin
2 α− σ2z cos2 α
sin2 α− cos2 α . (35)
In the case of α = 45◦, there is a 0/0 indetermination and
the non-tilted ellipsoid parameters can be found using the
dispersion ratio k12.
2.4 Line of sight velocity distribution
Observationally, we measure the line-of-sight velocity com-
ponent of stellar velocities. Ignoring the effects of light ab-
sorption and scattering by the interstellar dust (a good ap-
proximation for older stellar systems), the stellar popula-
tions of galaxies can be considered transparent, thus the
spectral lines contain the contribution of all stars along a
given line of sight. Therefore, to be comparable with ob-
servational data of actual galaxies, we need to project the
modelled velocity distribution (both Vθ and σ
2) to the view-
ing direction and integrate along the line of sight through
the entire galaxy.
Our model gives velocity dispersions along the cylin-
drical coordinate axes, thus a simple coordinate rotation is
needed to compute the dispersion in the line of sight direc-
tion. Let X and Y be distances along the major and minor
axes of the plane-of-the-sky projection of the galaxy, respec-
tively, and δ denote the inclination angle, defined as the
angle between the rotation axis and the line of sight (90◦
corresponds to an edge-on galaxy). In order to find the ve-
locity dispersion along a sightline, the most simple way is to
find the non-tilted dispersion tensor shape and project the
value of the velocity ellipsoid to the line of sight. Once the
ellipsoidal coordinate-aligned ellipsoid is found, one can get
the line-of-sight projection (σ2los) using:
σ2los = σ
2
mer
R2 −X2 sin2 δ
R2
+ σ2θ
X2 sin2 δ
R2
, (36)
σ2mer = σ
2
1 cos
2 ζ + σ22 sin
2 ζ, (37)
ζ = α− arctan
(
R
tan δ
√
R2 −X2
)
, (38)
3 If the solution to the Jeans equations is an approximation (i.e.
not exact) the system is likely in a quasi-equilibrium state.
where ζ is the angle in the meridional plane toward the
projected observer direction, which is a combination of the
tilt of the velocity ellipsoid and the angle between the line of
sight and the cylindrical coordinate set. Similarly, we need
to extract the line-of-sight component from the rotational
velocity Vθ:
Vlos(R, z) = Vθ
X
R
sin δ. (39)
The observed spectral line shape at a given point in the
plane of the sky (X,Y ) effectively forms as the luminosity-
weighted sum of the velocity distributions of each location
along the corresponding line of sight. This velocity distribu-
tion I(v) along a given line of sight can thus be calculated
as:
I(X,Y, v) =
∞∫
−∞
N{Vlos[R′(z), z], σlos[R′(z), z]} · (40)
·ρ[R
′(z), z]
Υ
1
cos δ
dz,
where
R′(z) =
√
X2 +
(
z tan δ − Y
cos δ
)2
(41)
is a function linking z and R coordinates at each point along
the sightline, N denotes the normal distribution, and Υ the
mass-to-light ratio of the galaxy component.
For galaxy models with multiple components (a bulge,
a disc, etc.), I must be summed over components
Icombined(X,Y, v) =
∑
i
Ii(X,Y, v). (42)
To compare the resulting line-of-sight velocity distributions
with observations, one needs to approximate the Icombined
values with normal or Gauss-Hermite profiles.
3 APPLYING THE METHOD TO M31
3.1 Density profile
To verify the applicability of the model described in the pre-
vious section, we apply the model on the well-studied nearby
galaxy M31. In Tamm et al. (2012), the mass distribution of
M31 is approximated with a usual three-component model:
stellar bulge + stellar disc + dark matter halo4. The pa-
rameters of the stellar components in the latter model were
found by fitting dust-corrected surface brightness distribu-
tions (derived in Tempel et al. 2010, 2011) and assuming a
constant mass-to-light ratio for each component. Dark mat-
ter density distribution is estimated by subtracting the stel-
lar mass contribution from the observed gas rotation curve
and the enclosed mass estimates in the outer regions. It is
4 In Tamm et al. (2012) also a more sophisticated (five stellar
components) mass distribution model is derived. In the present
analysis we limit ourselves with a simplified bulge + disc model
for the stellar components, mostly to keep the number of free pa-
rameters minimal during calculations. Besides, the bulge and the
disc dominate the stellar mass budget of the M31; additional com-
ponents would have a negligible effect on the mass distribution
and gravitational potential.
c© 2016 RAS, MNRAS 000, 1–12
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Table 1. Mass distribution model parameters of M31, taken from
Tamm et al. (2012). The parameters for each component corre-
spond to the density distribution Eq. (43).
Component ac q N ρc M
kpc Mpc−3 1010M
Bulge 2.025 0.73 4.0 0.220 4.9
Disc 11.35 0.10 1.0 0.017 4.8
Dark matter 178.0 1.00 6.0 8.12× 10−6 205.6
important to notice that for the referred mass distribution
model construction, no stellar kinematics (neither rotation
velocity nor velocity dispersion) information is used. As a
consequence, the mass distribution derivation is indepen-
dent of the observed stellar kinematics.
In Tamm et al. (2012) the density distribution of M31
is given as a superposition of the Einasto profiles (Einasto
1969)
ρ(a) = ρc exp
{
−dN
[(
a
ac
)1/N
− 1
]}
, (43)
where ρ is density, N is the Einasto index, which sets
the shape of the distribution (similar to the Se´rsic index),
dN is a function of N , a =
√
R2 + z2/q2 is the equiv-
alent of distance in a spherically symmetric model, and
ρc = hM exp(−dN )k3d3NN /(4piqa3c) defines density at ac,
where M and q are the mass and the flatness of the compo-
nent, respectively, and h and k are normalising constants;
Appendix B of Tamm et al. (2012) gives the definition of
the normalising constants (and the relations between vari-
ous popular forms of the Einasto’s distribution). The values
of the parameters of each M31 component (as used below)
are given in Table 1.
To solve the Jeans equations, we also need to calculate
derivatives of the gravitational potential. For the Einasto’s
profile the derivatives can be expressed as (see Tenjes et al.
2001)
∂Φ
∂R
= R
GhMk3d3NN
(eac)3
arcsin e∫
0
ρ∗(a) sin2(x) dx, (44)
∂Φ
∂z
= z
GhMk3d3NN
(eac)3
arcsin e∫
0
ρ∗(a) tan2(x) dx, (45)
where e =
√
1− q2 is eccentricity, ρ∗ = exp
[
−dN
(
a
ac
)1/N]
and a2 = sin
2(x)
e2
(
R2 + z
2
cos2(x)
)
. Eqs. (44) and (45) can be
used if q < 1. For spherical systems (e.g. the dark matter
halo for M31), the derivatives of the gravitational potential
are
∂Φ(R, z)
∂R
= R
GhMk3d3NN
a3c
1∫
0
ρ∗(a)x2dx, (46)
∂Φ(R, z)
∂z
= z
GhMk3d3NN
a3c
1∫
0
ρ∗(a)x2dx, (47)
where a2 = x2(R2 + z2).
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Figure 2. Velocity dispersions (σR) along a line slightly off the
major axis (left panel) and the minor axis (right panel) of M31
for two cases. Solid lines show the dispersions calculated directly
from the first Jeans equation Eq. (27), dashed lines show the dis-
persions found using the second Jeans equation Eq. (28). Red
colour corresponds to the bulge, blue colour to the disc compo-
nent. Note that in the case of the bulge, the density drops rapidly
and the apparent discrepancy seen on the left panel has negligible
impact on actual calculations.
3.2 Solving of the Jeans equations for M 31
To apply our kinematical model to M31 we have to find the
free parameters of the model. The velocity dispersions were
calculated (i.e. Jeans equations were solved) from Eqs. (27)
and (28). This was done separately for bulge and disc. To
simplify calculations we approximated the function β as a
superposition of two constant values, one for the bulge and
one for the disc:
β2 = V 2θ /v
2
c = const. (48)
Note that effectively, β still remains a function of R and z
for the galaxy as a whole, since the contribution of either
component varies with mass density.
The free parameters to be determined for the bulge and
the disc thus also include β. These parameters are found
by demanding that solutions of the two Jeans equations are
mutually consistent and also consistent with the observed
stellar rotation velocities. For this we minimise Eq. (33) by
sampling through the free parameter space (a2, b2, β and
z0) to find the parameter set that gives the smallest value
to χ2. During the disc χ2 calculations, we excluded regions
where the bulge dominated the density to improve the over-
all quality of the model (this has very little effect when com-
paring with observations). For fitting the free parameters we
use the Bayesian analysis tool multinest (Feroz & Hobson
2008; Feroz et al. 2009, 2013), which finds the most probable
set of parameters and also their posterior widths (statistical
uncertainties). We use wide and uniform priors for all the
parameters. The resulting bulge and disc parameters, that
make the Jeans equations consistent with the third integral,
are given in Table 2 together with uncertainties. One should
notice that the high value of z0 changes the velocity ellip-
soid toward isotropic shape (see Eqs. (23, 24)), reducing the
importance of a2 and b2.
In general, the form of Eq. (23) indicates, that there
could be a degeneracy between the parameters z0 and a2.
Posterior distribution of the parameters confirmed it to ex-
ist, but not high enough to influence the results of the model.
The parameter uncertainties given in Table 2 do not take
c© 2016 RAS, MNRAS 000, 1–12
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Figure 3. Calculated orientations and axial ratios of the velocity ellipsoids of the bulge (left panel) and the disc (right panel) components
of M31 in a meridional plane of the galaxy. For a comparison, thick green dashes give tilt angles of the velocity ellipsoids in our Galaxy
(Bu¨denbender et al. 2015).
Table 2. Best-fit values of the free parameters of the model. Pa-
rameters a2, b2 and z0 describe the shape and orientation of the
velocity ellipsoid, β sets rotation velocities of the stellar compo-
nents. The indicated errors are standard deviations derived di-
rectly from the Bayesian analysis tool multinest.
Parameter Bulge Disc
a2 0.11± 0.004 0.41± 0.002
b2 0.01± 0.04 0.04± 0.02
z0 9.8± 4.0 11.5± 0.3
β 0.32± 0.03 0.95± 0.04
into account the degeneracies between the fitted parame-
ters, they correspond to the best fitted model5.
Fig. 2 shows radial velocity dispersions (both σ2R and
σ2z/k
∗
z) along the major axis and along the minor axis of
M31, derived from either of the Jeans equations. A good
match between the corresponding distributions would mean
that the model assumptions work well and the third inte-
gral holds. A not so good match would mean that either the
Kuzmin third integral can only be an approximation, (i.e.
it is a quasi-integral), or hint that the system is only close
to equilibrium6. In either interpretation, there is a question
whether the solution describes the real galaxy, and results
must be used with precaution. In the current case, the dis-
persions σ2R and σ
2
z/k
∗
z in the bulge component are in a good
agreement. For the disc component, notable differences oc-
cur because the velocity ellipsoid is flatter and the influence
(and errors) of the ellipsoid orientation increases. However,
5 During our model calculations, we tried different approaches
that lead to slightly different parameter values. Hence, the pa-
rameter values cannot be determined uniquely. However, the ob-
servational quantities calculated from the model were not affected
by the different parameter values, hence the model is robust with
respect to the observational quantities.
6 Kirk et al. (2015) found that the centre of the gas ring is offset
compared to the galactic centre, indicating a possible perturbed
state.
integration along the line of sight suppresses these devia-
tions significantly (black and grey lines in Fig. 5). As these
lines are very close, we conclude, that the approximation is
adequate.
In general, match between σ2R and σ
2
z/k
∗
z can be im-
proved assuming that the third integral of motion is a quasi-
integral and let the foci z0 of the elliptical coordinates to be
a weak function of R and z. In present paper we decided to
keep z0 constant and found that in the case of M31 this is a
satisfactory or even a good approximation (see Section 3.3).
Fig. 3 illustrates the shape and orientation of the
modelled dispersion tensor along a meridional plane of
the galaxy. The dispersion ellipsoid stays almost spherical
throughout the bulge component. In the disc, the ellipsoid
is close to spherical only near the rotation axis and flattens
out towards the edge, whereas the tilt angle of the ellipsoid
increases with distance from the disc plane.
From the analysis of stellar proper motion data, ve-
locity dispersion ellipsoid parameters have been determined
only in the Solar neighbourhood of the Milky Way (Dehnen
& Binney 1998; Bu¨denbender et al. 2015). It is seen from
Fig. 3 that the velocity ellipsoid orientations inside this “So-
lar cylinder” measured by Bu¨denbender et al. (2015) are
rather similar with our calculated ellipsoid orientations for
M31. In their study of the Solar neighbourhood kinematics,
Dehnen & Binney (1998) did not include the vertical depen-
dence of the orientation of the velocity ellipsoid, therefore no
quantitative measurements can be made, but qualitatively
the results are similar.
The calculated shape parameters of the velocity disper-
sion ellipsoids, the ratios σz/σR and σθ/σR as a function
of galactocentric radius are given in Fig. 4. It is seen that
the velocity dispersion ellipsoid for the disc is radially rather
elongated, less than in the Milky Way. For the bulge com-
ponent the ellipsoids are roughly spherical.
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3.3 Comparison of the model with the observed
line-of-sight dispersions and velocities
The ultimate test for every model is a comparison with an
experiment or observations. To try our model, we use the
stellar kinematics along the major axis of the galaxy mea-
sured by McElroy (1983), Kormendy (1988), van der Marel
et al. (1994), and Kormendy & Bender (1999). For noise re-
duction, we have combined these data as described in Tem-
pel et al. (2007). Additionally, we use the observed planetary
nebulae kinematics along the major axis as derived by Hal-
liday et al. (2006) and Merrett et al. (2006), and also stel-
lar kinematics off the major axis measured by Saglia et al.
(2010) and Zou et al. (2011).
To make the model comparable with the observations,
we integrated the model kinematics over the line of sight and
approximated the resulting velocity profile with a normal
profile as described in Section 2.4.
In Fig. 5 we show the observed rotational velocities and
velocity dispersions along the major axis of the galaxy. The
upper panel shows that our model agrees very well with the
observed rotation curve. Since the resultant rotation curve
agrees well with the observations across the whole range of
radii, the photometry-based division of the galaxy into a
bulge and a disc must have been done properly and M31 is
indeed dominated by two dynamically different components.
The lower panel in Fig. 5 shows the observed velocity dis-
persions and the modelled ones. In general, the model traces
the observations well. We stress that the model is calculated
without taking into account the observed dispersions.
One advantage of our model is that it can also be used
to calculate stellar kinematics in arbitrary locations within
the galaxy, mimicking e.g. observations through a spectro-
scopic slit intersecting with the major axis. Such measure-
ments of stellar kinematics of the bulge region of M31 along
differently tilted slits have been conducted by Saglia et al.
(2010). Fig. 6 compares these data to our model. The agree-
ment is generally very good; the largest deviations occur
along the minor axis (τ = 90◦), where the modelled dis-
persions remain slightly but systematically lower than the
observed ones. This effect is probably caused by the fact that
we did not include the nucleus as a separate component in
our model.
Zou et al. (2011) have measured velocities and velocity
dispersions in a number of locations across the entire vi-
sual galaxy. Fig. 7 shows a comparison of this data and our
model; once again, the agreement is reassuring. This indi-
cates that the mass distribution model is accurate not only
along the major axis, but also across the entire galaxy, and
that overall, the third integral of motion is well applicable
in practice.
4 DISCUSSION AND CONCLUSIONS
In this paper we constructed a dynamical galaxy model in
which the kinematics is calculated from the Jeans equations,
taking into account the theory of a third integral of mo-
tions. We assumed that the integral is in the form described
by Kuzmin (1953, 1956). The model can be used by fixing
the mass distribution of a galaxy on the basis of observed
surface brightness distribution and measurements of the gas
rotation curve or from stellar spectra and chemical evolution
models; the remaining free parameters can be fitted so that
the consistency of the Jeans equations with the third integral
is highest. If a satisfactory consistency cannot be achieved
(as in the case of M31 disc), there can be two explanations:
either the integral is not suitable for the given density distri-
bution, or one model assumption(s) is(are) not strictly valid.
As an example, a galaxy may be only in a quasi-equilibrium
c© 2016 RAS, MNRAS 000, 1–12
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Figure 7. Maps of rotational velocity (top panel) and velocity
dispersions (bottom panel) of M31 in the plane of the sky. The
smooth background shows the stellar kinematics calculated from
our model, the circles correspond to measurements from Zou et al.
(2011). The observed and modelled velocities, shown with the
same colour scheme, match with each other well.
state. In these cases, one can use the solution as an approx-
imation, but with a precaution. It is possible to improve the
quality of the consistency by adopting a better relation be-
tween the circular and rotational velocity, or by relaxing the
strictness of the third integral to a quasi-integral.
Finally, we integrated the velocity distribution over the
line of sight to derive the kinematics (stellar rotational veloc-
ities and velocity dispersions) that are directly comparable
with observations. The model was built in a general way that
allows to calculate the kinematics at any location within the
galaxy.
One feature of the model is the possibility to estimate
the shape and inclination of the velocity dispersion ellipsoid
in the framework of the third integral theory. In general, the
third integral can be solved directly only near to the plane
of a galaxy7, hence the presented model also extends the
usage of the third integral theory further, to regions off the
galaxy plane.
We tested our model on the nearby galaxy M31, tak-
ing the density distribution from Tamm et al. (2012) and
constraining the model using the observed stellar rotation
curve along the major axis. The calculated stellar rotation
and velocity dispersions reproduce the actual measurements
across the entire galaxy very well, suggesting that the third
integral of motion can be used to model the dynamics of
M31. We stress that due to some degeneracies (e.g. a2 is
slightly degenerated with z0), the exact model parameters
cannot be restored uniquely, but this does not influence the
model comparison with observations (see Section 3.2). Since
M31 is a rather typical disc galaxy, the third integral of mo-
tion should be an adequate approximation for disc galaxy
kinematics in general. However, this conclusion still needs
to be validated, which is a planned work for the future.
The derived parameter z0 (the foci of elliptical coordi-
7 One exception is the Sta¨ckel potential, where the third integral
is analytical, but the form is very restrictive for practical use
(Binney & Tremaine 2008).
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nates, see Fig. 1) in Eqs. (13) or (21) have different values for
the bulge and for the disc. Within these components their
values remain constant, thus the third integrals are precise
integrals in both cases. However, for the galaxy as a whole,
i.e. a superposition of the bulge and the disc, no single el-
lipsoidal coordinate system describing the orientation of the
velocity dispersion ellipsoids exists – the coordinate system
takes a more complicated form. The weighted average of the
parameter z¯0 is constant in regions where either the bulge or
the disc dominates, but is a function of coordinates z¯0(R, z)
in the transition region. Thus, for a galaxy as a whole the
third integral is actually a quasi-integral.
We saw from Fig. 2 (right panel, blue lines) that σR cal-
culated from two Jeans equations do not match exactly and
disagreement increases with z. One way to explain the in-
consistency between two equations is to accept that a galaxy
is in a quasi-equilibrium state and secular evolution due
to fluctuating part of the gravitational potential (irregular
forces). An assumption in Jeans equations is that there is
no systematic motion in R and z directions. However, when
studying the secular evolution of a stellar system due to
irregular forces (Kuzmin 1963) derived that in addition to
other effects irregular forces cause certain systematic motion
in z direction being proportional to z. We intend to study
this possibility in the future.
We can also draw some conclusions about the velocity
ellipsoid in general, relying on M31 as a typical spiral galaxy
with its distinct bulge and disc regions. The velocity ellipsoid
is approximately isotropic in the central parts (see Fig. 4),
which allows to use simpler models to describe the dynamics
in the bulge region. In the outer regions where disc dynamics
dominates, the velocity ellipsoid flattens slightly in the z-
direction.
In our model, the orientation of the velocity ellipsoid is
determined by the third integral of motion, which requires
that the ellipsoid is oriented along the elliptical coordinate
axes (see Fig. 3). Alternatively, the velocity ellipsoid can
be assumed to be aligned with the cylindrical coordinate
axes, as used in Cappellari (2008). According to our model
(see Fig. 3), the latter assumption is a good approximation
only in the central part of the galaxy, where the ellipsoid is
roughly spherical and does not have any distinctive orienta-
tion.
The full advantage of the presented model can be taken
if applied to large integral field spectroscopic surveys. Sev-
eral such surveys are in progress or planned, for example
SAURON (de Zeeuw et al. 2002), CALIFA (Sa´nchez et al.
2012), MANGA (Bundy et al. 2015), TKRS2 (Wirth et al.
2015) and Hector (Bland-Hawthorn 2015). We plan to adapt
our model to apply it to such larger surveys in the foresee-
able future, opening a good opportunity to study the dy-
namics of a representative set of galaxies and to validate the
broader applicability of the third integral of motion.
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APPENDIX A: SOLVING THE JEANS
EQUATIONS AND CALCULATION OF
CHARACTERISTIC CURVES
In essence the Jeans equation (7) is an equation in a form
of
∂f
∂R
+A(R, z) f +B(R, z)
∂f
∂z
= C(R, z), (A1)
c© 2016 RAS, MNRAS 000, 1–12
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Figure A1. Characteristic curves for the disc (left panel) and bulge (right panel) components. Green dashed lines are characteristic
curves for the first Jeans equation calculated from Eq. (A5), red solid lines are characteristic curves for the second Jeans equation
calculated from Eq. (A6).
where f = ρσ2R is a function to be calculated. We solve
this equation with a method of characteristics. Substituting
partial derivative ∂f/∂R in (A1) from the expression for the
total differential df
dR
= ∂f
∂R
+ ∂f
∂z
dz
dR
, we have (A1) in form of
df
dR
+A(R, z) f +
[
B(R, z)− dz
dR
]
∂f
∂z
= C(R, z). (A2)
This equation reduces to a simple ordinary differential equa-
tion
df
dR
+A(R, z) f = C(R, z), (A3)
the solving of which must be done by integrating along the
characteristic curves given by equation
dz
dR
= B(R, z). (A4)
Solution of (A3) can be written in form of (27) with
integration along the characteristics.
Solution of the second Jeans equation (8) can be derived
in a similar way.
We derived the characteristic curves numerically with
the fourth order Runge-Kutta method, following equations
(now in designations used in Eqs. (7) and (8))
dz
dR
= κ∗(R, z) (A5)
for the first Jeans equation, and
dR
dz
= ξ∗(R, z) (A6)
for the second one.
Shapes of some characteristic curves are given in
Fig. A1.
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